Appendix for TensorRight

A Extended Operator Semantics
We provide the denotational semantics for the following additional operators:

e Pap: The pad operator performs low (S;), interior (S;), and high (S;,) padding on the input
tensor.

let S = Shape(e) $5i>0
letI=S+(S—1) xS letL=1+S let S, =L+S, >0

let A" = AA. % let not-int-pad = AA. (A—S)) % (S;+1) =0
let not-pad-area = AA. A > S; A A <L A not-int-pad(A)
[pad(e, v, S;, Sp, Si) ] =
{A  if not-pad-area(A) then [[e] [A'(A)] else v | A € Access(S,)}

Pap

e Dot: The dot operator performs sum-of-products over the specified set of contracting
aggregated-axes (X;). X; denotes the set of batch aggregated-axes that stay independent
across the computation. For this operation to be valid, X, and X}, must be disjoint, and
X U X} is the set of exactly those aggregated-axes which are common in the input tensors
e; and e,. For verification purposes, we describe the semantics of the dot operator by first
expanding the two tensors to the same shape, followed by an element-wise multiplication,
and then reducing on the contracting aggregated-axes. The remaining set of aggregated-axes
in eg, i.e,, S\ S1|x.ux,, and in ey, i.e., S3 \ Sz|x.ux,, also called the spatial-axes, need to be
disjoint. This condition is implicit in the expand operator below.

let S; = Shape(e;) let S; = Shape(ez)
X. U X, = Axes(er) N Axes(es) X.NX,=0
let t = [reduce(+, binary(X, expand(e, Sz \ Sz2|x.ux; ), expand(ez, S1 \ S1|x.ux,)), Xc) |

[dot(es, e2, Xc, Xp) ]| = ¢

e Conv: We first model a basic convolution operator without padding and dilation. This can
be expressed on top of slice (for extracting the window) and dot (dot product of the window
and the kernel) operators. Then we express the general convolution operator by using the
base operator with the pad operator. In the inference rules, the subscript i relates to the
input and the subscript w relates to the weights. X, X, Xf, and X;, are the sets of batch,
output-feature, input-feature, and spatial aggregated-axes, respectively.

Dot

let S; = Shape(e;) let S,, = Shape(e;) let X; = Axes(e;)
let X,, = Axes(e,,) Xp = Xi \ X,y Xo =X \ X;
FCX;NX, let X;p = X; \ (Xp U Xy) dom(I,) = X,
SileP - SW|XgP

let S = Silx, U Swlx, Y +1

I
y4
let sub = AAgy,. I[dot(slice(ei,Asp X Iy, Agp X I + SW|XSP, 1), e, X U Xyp, @)]]

CoNvBASE

[[conv—base(e,—, €1, Xp, X1, Xo, Ip)]] ={A — sub(Alx,,) [Alx,ux,] | A € Access(S")}
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The conv operator uses the conv-base operator by padding its operands with the specified
arguments. Note that the inputs S; and S; to the conv operator denote dilations, which are
the actual padding amounts incremented by 1. Therefore, we appropriately subtract 1 from
these attributes before passing them to the pad operator.

|[conv—base(pad(e1, 0,51, Sp, Si — 1), pad(e, 0,0,0,S] — 1), Xp, Xr, X,,, Ip)]] =t

Conv

I[conv(ei, ews Xb» X¢, Xo, S1, Sh, Sis SQ,IP)]I =t

REVERSE: The reverse operator reverses the order of elements in the input tensor along the
specified set of aggregated-axes X;..
let S = Shape(e) X, C Axes(e)
let A’ = AA. (A\Alxr) U (Ser _A|Xr - l)

[reverse(e, X;)] = {A — [e] [A"(A)] | A € Access(S)}

REVERSE

SeLECT: The select operator constructs an output tensor from elements of two input tensors
e; and ey, based on the values of a predicate tensor e,. This operator is only valid if e,
contains elements of type Bool and ey, e; contain elements of the same type.
Shape(ep) = Shape(e;) = Shape(e,)
DType(ep) = Bool  DType(e;) = DType(ez)
[select(ep, e1,e2)] =
{Aif [ep] [A] then [[e1] [A] else [[ex]] [A] | A € Access(e)}

SELECT

Cramp: The clamp operator clamps the input tensor (e) to within the range specified by the
minimum (e,,;,) and maximum (e, ) tensors.
Shape(emin) = Shape(e) = Shape(emax)
[binary(min, binary(max, e, emin), €max) ]| = ¢

CLamP
[clamp(emin, €, emax) ] = ¢
REDUCESI: The reduce operator takes a tensor and a set of aggregated-axes X as inputs and
returns a tensor which contains uninterpreted reduction elements. The resulting tensor
has the shape S \ S|x, essentially removing all the aggregated-axes in X. This results in the
following semantics:
let S = Shape(e) let {xo---xx} =X C Axes(e)
let acc = M.Redi’“.’[k lel [{xo > Io, -+, xx = I} UA]

[reduce(®,e,X)] = {A — acc(A) | A € Access(S \ S|x)}

The indices Iy, - - - , Iy in the function acc are symbolic reduction indices, hence making the
reduction element uninterpreted. The term [[e]] [{xo > Io,- - -, xx > I} U A] represents a
(multi-)set containing elements obtained by instantiating the indices Iy, - - - , Iy with concrete-
maps. As the sizes of reduced axes are unbounded, we cannot compute this set of elements

ReEDUCEORIG

and hence cannot expand the reduction to sum all the elements being reduced. Thus, we leave
the sum uninterpreted and provide special treatment for such elements during verification.
Verifying rules with reductions would involve proving equivalence of reduction elements.
Proving the equivalence of two reduction elements Redx f(X) and Redyg(Y) can often be
done by showing that the LHS and RHS are sums of the same values, i.e., f(X) and g(Y)
represent the same (multi-)set. One way to prove set equivalence is to establish a bijection
between X and Y and show each pair of values in f(X) and g(Y) are equal, regardless of
tensor instantiation and operator attributes.
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In TENSORRIGHT, the user provides a relation between X and Y as a hint. As we see in
REDUCEORIG, X and Y contain symbolic indices. The current semantics suggest that we
have to generate fresh symbolic variables for each invocation of reduce. However, this
precludes the user from defining hints as they cannot refer to these indices. To solve this
problem, we provide the symbolic reduction indices as input to the operator semantics.
One can think of these extra arguments as symbolic names, based on which we can define
relations between them. The modified semantics are shown below.
let S = Shape(e)  let {xo > Sy, -+ ,xx > SIx} = SI
let X = dom(I) C Axes(e)
let acc = /lA.Red?IO,W’SIk [e] [SIU A]

[reduce(®,e,SI)]| = {A > acc(A) | A € Access(S \ S|x)}

The reduce operator now takes an aggregated-map I as input, instead of the set of aggregated-
axes to reduce. I contains the symbolic reduction indices S, - - - , SIx, which are used the
construct the uninterpreted reduction element. For any rewrite rule with reductions, the
user can now use these supplied reduction indices from LHS and RHS to define hints, also
called si-relations (symbolic-index relations).

REDUCESI

B Validity of Rewrite Rules

Given the semantics of TENSORRIGHT DSL, we now define what it means for a rewrite rule to
be valid. Fig. 1 lists all the tensor operators supported in TENSORRIGHT DSL. As a part of our
verification methodology, we symbolically execute all operator semantics and generate symbolic
representations of the LHS and RHS expressions. The validity condition of a rewrite rule is simply
the assertion of equality between the LHS and RHS expressions, under the specified precondition.
We now formalize this notion.

Definition 1 (VALID REWRITE RULE). A rewrite rule LHS =¢ RHS is valid if and only if
Vo € vars, C A valid-expr(LHS) — [LHS] = [RHS] (1)

where vars is the set of all variables appearing in the rewrite rule, such as tensor variables and
operator attributes. The predicate valid-expr takes a tensor expression and returns a condition
under which the expression is valid. It is defined inductively on the structure of tensor expressions,
collecting all assertions from the operator semantics, as shown in Fig. 2.

Definition 1 states that a rewrite rule must be valid for all valuations of all the variables appearing
in a rewrite rule. Note that we only consider valuations where the term prior to rewriting is valid,
i.e., when LHS is valid. The inner equality [LHS] = [RHS] asserts that, once all the variables are
instantiated, the resulting tensors on both sides are equal. §G extends this definition to account for
validity of the RHS expression.

Based on the denotational semantics of operators in TENSORRIGHT DSL, we can symbolically
compute the shape of any tensor expression as a function of the shapes of input tensors and
operator attributes. We only consider rewrite rules where under the precondition, the LHS and
RHS expressions have the same shape, since the rule would be invalid if the shapes do not match.
Under this assumption, semantic validity reduces to a pointwise equality of tensor values:

Yo € vars, C A valid-expr(LHS) — VA € Access(LHS), [LHS] [A] = [RHS] [A] (2)
Definition 2 (INVvALID REWRITE RULE). A rewrite rule LHS =¢ RHS is invalid if and only if
Jo € vars, C A valid-expr(LHS) A 3A € Access(LHS), [LHS] [A] # [RHS] [A]

where vars is the set of variables appearing in the rewrite rule.
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T = Int | Bool | Real Type
a e A Named-axes
x e X=PA Aggregated-axes
f € list[Int] — Int Map function
m = M| fmap(f, m+) Maps
X e PX) Set of aggregated-axes
S I e m¥ Shapes and indices
R e XX Relabel maps
v = i:Int|b:Bool|r:Real Scalar literal
e = 7 (Literal) Tensor expression
|  V (Variable)
|  const(o,S)
| iota(S,x)
|  expand(e,S)
| binary (@, ej, ;)
| pad(e, v, S;, S, Si)
| slice(e, Is, I, 1))
| dy-slice(e, I, S)
| dyup-slice(e, ey, I)
|  reduce(®,e,I)
|  relabel(e, R)
|  concat(ey, ep, x)
| conv-base(e;, e, Xy, Xr, Xo, I,)
| conv(e;, €y, Xp, X, Xos S, Sh» Sis Si,1,)
| dot(ey, e2, Xc, Xp)
| Clamp(emin’ €, emax)
| select(ep, €1, €2)
|  reverse(e, X,)
g € list[Int] — Bool Predicate function
P = fold(g, m+) Precondition
Rule = e =ps ephs Rewrite rule

Fig. 1. Core rewrite rule representation with extended operators.

Definition 2 states that if a rewrite rule is invalid, then there exists some valuation of all variables
and an access A, such that (1) the precondition is true, (2) LHS is valid, and (3) LHS and RHS do
not match at the access A. Such a valuation of variables and the access A together comprise a
counterexample for the rule.

C Preliminaries

In §B, we defined what it means for a rewrite rule to be valid (Equation 1). A key challenge is that
rewrite rules must apply to tensors with arbitrary ranks and arbitrary sizes along each axis. Thus,
we must verify rewrite rules in the unbounded setting, where both the number of axes (rank) and the
size along each axis are unbounded. To handle arbitrary number of axes, we partition the named-
axes of a tensor into finite groups or classes, called aggregated-axes, where each aggregated-axis
can be instantiated to any rank. Once the aggregated-axes in a rewrite rule are instantiated, we
obtain a concrete-rank instantiation of the rule, though the sizes along each axis remain unbounded.
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Basis:
valid-expr(t) := true te T
valid-expr(var) := Shape(var) > 0 var €V
valid-expr(const(v,5)) =S > 0
valid-expr(iota(S,x)) =S>0Ax €S

INDUCTION STEP:
valid-expr(expand(e, S)) = valid-expr(e) A S > 0 A dom(S) N Axes(e) = @
valid-expr(binary (@, e}, e,)) = valid-expr(e;) A valid-expr(e,) A Shape(e;) = Shape(e,)
valid-expr(slice(e, I, I, I,)) = valid-expr(e) A 0 < I; < I, < Shape(e) AL, >0
valid-expr(dy-slice(e, I, S)) = valid-expr(e) AI+S < Shape(e) AS>0AT >0

Fig. 2. The predicate valid-expr is defined inductively over the structure of tensor expressions. Other cases
follow similarly, derived from the operator semantics.

Verifying the rewrite rule in the unbounded setting therefore reduces to verifying the rule for all
valid instantiations of the aggregated-axes. In this section, we present our key observation (§C.2),
and in §D we show how TENSORRIGHT verifies any rewrite rule for a possibly infinite number of
instantiations.

C.1 Assumptions

To simplify the discussion, we make the following assumptions, which will be relaxed later. Let
LHS =¢ RHS be a rewrite rule such that:

o The rewrite rule contains only one input tensor, denoted X

e X contains exactly one aggregated-axis, say x, which has the RClass ¢, i.e. x : c.

e The rewrite rule does not contain any reduce, relabel, expand, dot, conv-base, and conv
operators: these operators can add, remove or rename aggregated-axes. For now, we keep
the discussion restricted to a single aggregated-axis.

C.2 Observation
We can symbolically execute any rewrite rule LHS =¢ RHS under a general access A using the
operator semantics. We observe that the equality [LHS] [A] = [RHS] [A] (the inner equality in
Equation 2) can always be expressed in the following canonical form:
scalarf(X[x + fmap(e;, My)], -+, X[x +— fmap(e,, My)],
fOId(gla Nl)a Tt fOId(gmaNm)) (3)

We now illustrate, through examples, how symbolic evaluation of rewrite rules results in expres-
sions of this form.

C.3 Symbolic Evaluation Examples
C.3.1 Pad-Low.



6 Arora et al.

Setting. Let x : ¢ be an aggregated-axis with RClass c. It can be instantiated to an arbitrary
number of named-axes. Let X be a tensor with shape {x + s}, where s contains sizes of named-axes
in x. Let the rewrite rule in consideration be,

pad-low(X, 0,S;) = pad-low(X,1,5))

where S; = {x — s;} and s; contains padding sizes of named-axes in x. The difference between
LHS and RHS is that the former is padded with a value of 0, while the latter is padded with a value
of 1. Therefore, this rewrite rule is invalid.

Shape of the Output Tensors. We compute the shape of the LHS (same as RHS) as follows:
Shape(pad-low(X, 0, S;)) = Shape(X) + S;

={x - st+{x— 5}

={x > s+s}

Therefore, an arbitrary, valid access A on the output tensors has the form A = {x > a}, where
a contains the index-values for the named-axes in x. We symbolically evaluate the expression
[LHS] [A] = [RHS] [A] under the access A:

[LHS] [A] = [RHS] [A]
& (if not-pad(A) then X[x +— (a —s;)] else 0) =
(if not-pad(A) then X[x +— (a —s;)] else 1)

We express the above in the canonical form given by Equation 3, as follows:
e(v, 1) Eo i
y £ X[x > fmap(e, [a,51)] = X[x = a=s1]
g(v,1) £ >1
b e not-pad(A) = A > §;
=a > s; = fold(g, [a, s1])
scalarf(y, b) g (if b then y else 0) = (if b then y else 1)
[LHS] [A] = [RHS] [A] e scalarf(X[x — fmap(e, [a, s;])], fold(g, [a, s1]))
C.3.2 Slice.

Setting. Let x : ¢ be an aggregated-axis with RClass c. It can be instantiated to an arbitrary
number of named-axes. Let X be a tensor with shape {x — s}, where s contains sizes of named-axes
in x. Let the rewrite rule in consideration be,

slice(pad-low(X,0,5;), 51, S + 51, S,) = X

where S = Shape(X), S; = {x = s;},and S, = {x > 1}.

The LHS first pads the input tensor by 0 with padding sizes s;. It then slices the resulting tensor
by removing s; elements from the beginning along every named-axis, while skipping no elements
till the end. It is easy to see that the LHS is a no-op since it adds padding values and then removes
them. The RHS is simply the input tensor. Therefore, this rewrite rule is valid.
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Shape of the output tensors. We compute the shape of the LHS (same as RHS) as follows:
Shape(slice(pad-low(X, 0, 5;), 5, S + 5,5,) =S+ 51— §;
=S
={x s}
Therefore, an arbitrary, valid access A on the output tensors has the form A = {x — a}, where

a contains the index-values for the named-axes in x. We symbolically evaluate the expression
[LHS] [A] = [RHS] [A] under the access A:

[LHS] [A] = [RHS] [4]
& lpad(X,0,5)] [S;+ Al = X[A]
& (if not-pad(S; + A) then X[(A+ S;) — S;] else 0) = X[A]
& (if not-pad(S; + A) then X[A] else 0) = X[A]

We express the above in the canonical form given by Equation 3, as follows:
e(v) £
y £ X[x = fmap(e, [a])] = X[x - a]
PO LIRS
b & not-pad(A+S;) =A+S > S
=a+s; > sy =fold(g, [a, s1])
scalarf(y, b) & (if bthenyelse 0) =y
[LHS] [A] = [RHS] [A] ifscalarf(X[x — fmap(e, [a])], fold(g, [a, s1]))
C.3.3 Multiple RClasses.

Setting. Let x7 : ¢; and x; : ¢, be aggregated-axes with RClasses ¢; and c; respectively. They can
be instantiated to an arbitrary number of named-axes. Let X be a tensor with shape {x; > s},
where s; contains sizes of named-axes in xj.

Let the rewrite rule rule in consideration be,

pad-low(expand(X, {x; > s2}),0,5;,) = expand(pad-low(X,0,S;,), {xz — s2})

where S;, = {x; — s;,x; — 0}, S, = {x; — s}, and s; contains padding sizes for named-axes
in x;. The LHS first expands the tensor X with a new aggregated-axis x, and then low-pads x;
with s; and leaves x, unchanged. The RHS first low-pads x; with s; and then expands with a new
aggregated-axis x,. This is a valid rewrite rule since LHS does not pad x; after the expansion, while
RHS simply replicates the data across x;.

Shape of the output tensors. We compute the shape of the LHS (same as RHS) as follows:
Shape(pad-low(expand(X, {x2 = s2}),0,S;,)) = Shape(expand(X, {x; > s2})) + 5y,
= Shape(X) U {xz — s} + 5y,
={x; > s, X3 S} + {x1 > 55, % — 0}

={x; > s +5,x > 5}
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Therefore, an arbitrary, valid access A on the output tensors has the form A = {x; — aj,x; —
a1}, where a; and a, contain the index-values for the named-axes in x; and x; respectively. We
symbolically evaluate the expression [LHS] [A] = [RHS] [A] under the access A:

[LHS] [A] = [RHS] [A]
& (if not-pad(A) then [expand(X, {x2 — s3})] [A — Sy, ] else 0) =
[pad-low(X,0,S;,)] [Alx, ]
& (if not-pad(A) then X[(A - Sp,)|x,] else 0) =
(if not-pad(Aly,) then X[Aly, — S1,] else 0)
& (if not-pad(A) then X[x; — a; — s7] else 0) =
(if not-pad(Aly,) then X[x; — a; — s1] else 0)

We express the above in the canonical form given by Equation 3, as follows:
e(o,1) L
y £ X[x, o> fmap(e, [a si])] = X[x1 + a1 — 5]
g1(0,1) o >1
ACHE

b, (ifnot—pad(A) =A>S,
=a; > s; Aay > 0=fold(gy, [ay, si]) A fold(ga, [a2])

0v=>0

true

g3
by

not-pad(Aly,) = a1 = s
a; > s; A true = fold(gy, [ay, s1]) A fold(gs, [1)

scalarf(y, by, by) &l (if by then y else 0) = (if b, then y else 0)

[LHS] [A] = [RHS] [A] £ scalarf(fmap(e, [a1, s1]), fold (g1, [a1, s1]) A fold(ga, [az]),
fold(g1, [a1, s1]) A fold(gs, [1))

Here, the condition b; has been “padded” with a trivial fold over the aggregated-axis x,, using
a constant predicate function g3 = true. This notational convention ensures that each condition
contains exactly one fold per aggregated-axis, some of which may be trivial. Such trivial folds are
introduced for uniformity and can be safely removed during postprocessing.

C.3.4 Key Takeaway. The observation that rewrite rules in TENSORRIGHT DSL can be symbolically
evaluated and expressed in the form given by Equation 3, extends to all rewrite rules in the language.
This generalization can be formally proven by induction on the structure of tensor expressions. We
omit the proof, as the structure of the argument follows directly from the operator semantics.

D Scalar Function Explained

In §C.3, we illustrated through examples how any rewrite rule LHS =¢ RHS in TENSORRIGHT
DSL can be symbolically evaluated under a general access A using the operator semantics. The
assumptions from §C.1 still apply here and will be incrementally relaxed in later sections. The
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equality [LHS] [A] = [RHS] [A] can be expressed in the following form:
scalarf(X[x +— fmap(e;, My)], ---, X[x +— fmap(e,, M,)],
fold(gy, N1), « -+, fold(gm, Nm))

We explain each component below:

e X[_]: this represents an access to the tensor X.

e x - fmap(e;, M;): this represents the access expression for the i access to X. Since X has
only one aggregated-axis x, the access expression contains the same aggregated-axis, with
the access map fmap(e;, M;).

The fmap construct takes a function and applies it pointwise to a list of maps with the same
domain. It as defined a follows:

fmap(fs [ml’ may, - -+ ]) = {l = f(ml(l)’ mZ(i)’ o ) | i€ dom(ml)}
For example, if M = [{i = v;,j = v;},{i = I, j — [;}] and f = Av,1.(v — ), then
fmap(f, M) ={i—> v, —1;,j— v - ;}.
Here, M; is the list of maps used in the i access, which include access maps, attribute
maps, etc. Each function e; is independent of the rank of x, and only the maps in M; vary
with the rank of x. Thus, we are able to capture all the rank-independent information in the
function e;. We refer to e; as an index transformer because it transforms output index-values
to input index-values. For the fmap construct to be well-formed, the arity of e; must match
the number of maps in M;.
When X has multiple aggregated-axes, each access must have separate access maps for each
aggregated-axis. For example, if Axes(X) = {xi,---,x,}, then the i access to X has the
following form:

X[x1 - fmap(ter, 'My), - ,x, > fmap(Pes, ? My)]

where /¢; denotes the index transformer for x; in the i access, and / M; is the corresponding
list of maps. Each /e; may vary across different aggregated-axes. However, it is applied to
all named-axes uniformly in a given aggregated-axis.

e fold(g;, N;): these represent boolean values, referred to as conditions, that appear within
if-then-else blocks. These conditions capture the dependency of output tensor values on
the input tensor values and originate directly from the operator semantics. For instance,
not-pad in the pad semantics (PaD) takes an access A and determines if it lies in the padded
area or not.

The fold construct takes a predicate and applies it pointwise to a list of maps with the same
domains. It returns true if all predicate values are true, and false otherwise. It is defined as:

fold(g, [my,mz, -1 = N\ glmi(i), my(i), )

iedom(m;)

For example, if N = [{i = v;,j = 0v;},{i = [;,j = [;}] and g = Av,].(v > [), then
fold(g N) =v; =2 I; A vj > 1.

Here, N; is the list of maps used in the jth condition, which include access maps, attribute
maps, etc. Each function g; is independent of the rank of the aggregated-axis x, and only the
maps in N; vary with the rank of x. Thus, we are able to capture all the rank-independent
information in the function g;. For the fold construct to be well-formed, the arity of g; must
match the number of maps in N;.

In case where the rewrite rule has multiple aggregated-axes, we observe that all such
conditions can be expressed as a conjunction of folds, one for each aggregated-axis. More
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specifically, if x; - - - x,, are the aggregated-axes appearing in a rule, then the j™ condition
has the form:
/\ fold('g;,'N;)
i=1-p
where 'g; is the j™ condition for the aggregated-axis x;, and 'N; is the corresponding list
of maps. Some important observations:

- Some of the g’;s may be trivial, i.e., they return true for all inputs. In that case, the
corresponding fold always evaluates to true and does not contribute to the actual
condition.

- Introducing trivial folds serves a notational purpose: every condition is uniformly
represented as a conjunction of one fold per aggregated-axis, regardless of whether that
axis contributes meaningful conditions. This convention simplifies the representation
and such trivial folds can be removed once they’re no longer needed.

§C.3.3 illustrates an example where a condition only involving x; was extended with a
trivial fold over x, to maintain uniformity.

- Each 'g; may vary across different aggregated-axes. However, it is applied to all named-
axes uniformly in a given aggregated-axis.

e scalarf: this is a scalar function which returns a boolean value, indicating whether the
values of LHS and RHS tensors match at a given access A. We refer to it as scalarf since it
captures the core, scalar computation in the expression, typically consisting of arithmetic
and conditionals over scalars.

Based on the arguments to scalarf, we say: scalarf comprises n accesses to X and m conditions.
Just like index transformers, scalarf is independent of the rank of x.
We now rewrite Equation 2 in terms of the scalarf function, accesses, and conditions, to get the
validity condition of a rewrite rule:

Vo € vars, C A valid-expr(LHS) — VA € Access(LHS),
scalarf(X[x + fmap(e;, My)], -+, X[x + fmap(ep, My)],
fold(g1, N1), - -+, fold(gm, Nim)) 4)

D.1 Verification Methodology

Definition 3 (RCLASS-RANK MAP). Let R be a rewrite rule with RClasses ¢y, - - - , ¢;,. An RClass-rank
map is a mapping {c; +> ry,---,c, > 1p}, that assigns a concrete rank r; to each RClass c;,
representing a specific rank instantiation of the rule R.

Definition 4 (VALIDITY FOR CONCRETE RCLASS RANKS). Let R be a rewrite rule and m be an
RClass-rank map for R. Then the predicate valid(R, m) holds if and only if:
valid(R, m) < R is valid for the number of named-axes as specified by m
This corresponds to a concrete, bounded verification instance: the ranks of all RClasses (and thus of
all aggregated-axes) are fixed according to m, while the sizes of the named-axes remain arbitrary.
Let R = LHS =¢ RHS be the rewrite rule that we wish to verify in the unbounded setting. For
simplicity, the assumptions from §C.1 still apply. We identify a sufficient rank k such that:
Vi>k, valid(R, {c — i}) — valid(R, {c — i+1}) (5)

This means that for all i > k, if the rule is valid when the RClass ¢ has rank i, then it is also
valid when ¢ has rank i+1. Given such a sufficient rank k, we can verify the rule in the unbounded
setting using induction on tensor ranks:
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e Basis: Use bounded verification to prove that the rule is valid for all ranks up to k:

A valid({c — i})

i=1---k

e InpucTION STEP: Use induction on the rank of ¢ with Equation 5 as induction hypothesis:

valid({c — k}) A [Vi = k, valid({c — i}) — valid({c — i+1})] = /\ valid({c — i})
i>k
In other words, the rule is valid for any number of named-axes in the RClass c. What remains is to
determine a sufficient rank k for each RClass in a given rule.

We begin by analyzing the validity condition of the rule when the aggregated-axis x is instantiated
with a concrete rank i, i.e., when valid({c ~ i}) holds. We first instantiate x to x’, a concrete
aggregated-axis containing i distinct named-axes, namely {1, - - - ,i}. We similarly instantiate the
precondition C, input tensor X, list of maps M; and N, operator attributes, and tensor expressions.
Thus, we can expand the validity valid({c — i}) by rewriting Equation 4 as:

Vo' € vars’, C' A valid-expr(LHS') — VA’ € Access(LHS'),
scalarf(X'[x" > fmap(e;, M)], -+, X'[x"  fmap(e,, ML)],
fold(g1, N7), - -+, fold(gm, N},)) (6)
As noted previously, the scalar function scalarf, the index transformers e;, and the condition
predicates g; are independent of the rank of x. The only components that vary with the rank i are
the variables vars?, access A, and list of maps Mj. and NJl
To compute a sufficient rank k, we start from the inductive goal [valid({c — k}) — valid({c —
k+1})]. We instead work with its contrapositive,
valid({c = k}) — valid({¢c — k+1}) & -wvalid({c — k+1}) — —wvalid({c — k})

Intuitively, —valid({c + i}) holds if there exists a counterexample to the rewrite rule at rank i.
Our goal is to find a sufficient rank k such that any counterexample at rank k+1 (or higher) can be
lowered to a counterexample at rank k.

On expanding the validity condition using Equation 6, the contrapositive becomes:

3 0¥ € vars*!, O A valid-expr(LHSK1) A 3AF*! € Access(LHSF),
—scalarf (XK [+ - fmap(el,/\/(f”)], oo, XM R s fmap (ep, er:+1)]’

fold(gy, N¥*1), -+, fold(gm NX1))

!

30* € varsk, CF A valid-expr(LHSk) A 3AF € Access(LHSY),
—scalarf(XF[xF — fmap(el,Mf)], oo, XX > fmap(ep, M,]i)],
fold(g1, Nf), -+, fold(gm, Nyp)

This means that we are given a counterexample at rank k+1, which comprises:

Xk+1 k+1

e A tensor with k+1 named-axes in x**!, having the shape {x**! > m}, where m =
{1 ny, oo, k410 gy},

e A valuation of variables vars<*!
sion LHS**! is valid, and

e An access AK*! € Access(LHS**!), where the output tensors do not match.

Ck+1

such that the precondition is satisfied and the expres-
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To lower this counterexample from rank k+1 to rank k, we must construct:

e A tensor X¥ with k named-axes in x*,

e A valuation of variables vars* such that the precondition C* is satisfied and the expression
LHS* is valid, and
e Anaccess A € Access(LHS¥), where the output tensors do not match.

Our goal is to derive lower bounds on k while ensuring that any (k+1)-ranked counterexample
can be lowered to a k-ranked counterexample. This lower bound serves as a sufficient rank for the
inductive argument.

D.1.1  Counterexample Construction. Our counterexample construction algorithm involves pro-
jecting the (k+1)-ranked aggregated-axis x**! to a k-ranked aggregated-axis x by choosing k
named-axes from {1, - -, k+1}. There are k+1 such projections in total, but not all of them neces-
sarily yield a valid counterexample at rank k. We express this construction using a set of equations
and use them to derive constraints on valid projections.

Projection Notation. Let I' C x be any projection of the aggregated-axis x. We define projection
operations on different constructs as follows:

e Map Projection: Given a map m defined on an aggregated-axis x (i.e., dom(m) = x), its
projection to T is defined as:

df . . .
mlg={jm(j) | jeTI}

If m is defined on a different aggregated-axis x” # x, then m|{ L.
o Aggregated-Map Projection: Given an aggregated-map M that contains the aggregated-axis
x, its projection to I' is defined as:

MIEEL (M {x > M(x)}) U{T - M(x)[F}

If M does not contain x, then M[* & M.

e Tensor Projection: Given a tensor X, its projection is a tensor with shape Shape(X)|f. The
projected tensor X|{ has unspecified values (unless determined by other constraints).

e Valuation Projection: Given a set of variable valuations vars, its projection is defined
pointwise as:

df
varslf = {olf | v € vars}

e Map List projection: Given a list of maps M = [my,---,m,], its projection is defined
elementwise as:

df
Mt = [mlg, -+ mylp]

e Bijection Projection: Given a bijection y : x ¢ y, its projection is defined as:

prdri)ey | iex}

The resulting function |7 : T' ¢ T'(x) is also a bijection.
e Successive Projections: For any construct « which can be projected (map, aggregated map,
tensor, valuation, bijection, etc.), successive projections are defined as:

aep & o
LT, n ol
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Map-List Notation. Let M = [my, my, - - -] be a list of maps sharing a common domain, and let
i € dom(m;) be a named-axis. We write M (i) for the list obtained by applying each map to i:

M) S [y (i), ma (), -]

LetT c {1,---,k+1} be a projection of size k, representing a selection of k named-axes from
x**1, Note that I' is same as x*, and we use them interchangeably. At this point, the named-axes in T
are unknown. As part of constructing a k-ranked counterexample from a rank k+1 counterexample,
we define the k-ranked components by projecting their (k+1)-ranked counterparts using I':

e Tensors: Xk = Xk+1|)r‘,
Variable Valuations: vars® = vars**! X
Output Counterexample Access: A¥ = AF+1|x,
e Access Map Lists: forall i € {1---n}, Mlk = Ml’.‘+l|x, and
e Condition Map Lists: for all j € {1---m}, N}‘ = N}‘“lf

In all of the projections listed above, we omit the superscript from the aggregated-axis for brevity,

i.e, alf as shorthand for a|I’ka.

Note that each entry in the map lists M; and N; also appears within the variable valuations
vars, so projecting them separately is consistent with projecting vars. At this point, the k-ranked
components are also unknown.

To complete the construction of a valid k-ranked counterexample, we require that the arguments
passed to scalarf in the k-ranked setting match those in the (k+1)-ranked setting. This imposes a
set of constraints on the projection I'. These constraints play a key role in computing a lower bound
on the rank k for which counterexample lowering is valid, as described in §E.

D.1.2  Handling Generalizations. All the assumptions from §C.1 can be relaxed and the verification
methodology can be extended accordingly. To do so, we simply assume a more general symbolic
form of the rule, i.e., the general form of scalarf, accesses, and conditions. More concretely, suppose
the rule has RClasses ¢y, - -+ , ¢p:

e Consider any RClass-rank map m = {c; > ry,-- - ,Cp rp} for the rewrite rule.

e For each RClass ¢;, compute a rank k; such that

Vi > kj, valid(R,m[c; — i]) — valid(R, m[c; — i+1]).
Similar to the single-aggregated-axis case, we reason using the contrapositive:
—walid(R, m[c; — k;+1]) — —wvalid(R, m[c; — k;])

This states that, given a counterexample at rank k;+1 for all aggregated-axes of RClass c;, we
must construct a counterexample at rank k; for all those aggregated-axes. Importantly, all
aggregated-axes with the same RClass must have the same rank in any valid instantiation,
so we project all such aggregated-axes together. The ranks of all other RClasses remain
fixed throughout the lowering.

Expanding the validity condition using Equation 6, we obtain:

3ot € parskitt, Ok A valid-expr(LHSK 1) A 3A%* € Access(LHSF*!), = scalarf( - - - )
3% € varsh, C A valid-expr(LHSk’) A 3AF € Access(LHSK), = scalarf( ---) (7)

We observe that the computed rank k; is independent of the ranks of other RClasses in m.
o After computing this sufficient rank for each RClass, we obtain the RClass-rank map
{er o ki ey > k).
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o Finally, we verify the rewrite rule for all concrete instantiations within these bounds:

/\ valid(R,{c; > 1y, - ,cp > 1p})

1<r;<k; 1<rp<ky

If this conjunction is a tautology, then the rewrite rule R is verified in the unbounded setting.

E Proof and Helper Lemmas

In this section, we compute a sufficient rank for each RClass in any rewrite rule. We begin under
the assumptions listed in §C.1 and incrementally relax them to handle more general settings. Our
approach is to reason from Equation 7: we begin with a counterexample at rank k+1 and construct
a corresponding counterexample at rank k. In each case, we assume a particular form for the scalar
function scalarf, the accesses, and the conditions, and then derive a sufficient rank for that form.

E.1 Sufficient Rank for Arbitrary Number of Conditions
Lemma 1. Let R = LHS = RHS be a rewrite rule such that:
(1) R contains at most one input tensor, denoted X,
(2) X has exactly one aggregated-axis x : c,
(3) R does not contain any of the following operators: reduce, expand, dot, conv, conv-base,
relabel, and
(4) The scalar function scalarf comprises one access to X and m conditions.

Then, the following holds:
max(m,1) < k = valid(R, {c — k}) — valid(R, {c — k+1})

Proor. The scalarf of R has the following canonical form, comprising one access and m condi-
tions:

scalarf(X[x +— fmap(e, M)], fold(g1, N1), - - -, fold(gm, Nim))

where e is an index transformer and ¢y, - - - , g, are condition predicates.
Our goal is to find a sufficient rank k such that any counterexample at rank k+1 can be lowered
to a counterexample at rank k. Let x**1 = {1, -, k+1} denote a (k+1)-ranked instantiation of x.

Let T c x**! be a projection of size k.
Starting from Equation 7, we have:

3051 € vars®*!, CK*1 A valid-expr(LHSK1) A 3AF*! € Access(LHS*),

—scalarf (XK [x¥*1 i fmap(e, MF™)], fold(gy, N&*1), - -, fold (g, NKF1))

!

30* € varsk, CFA vaIid-expr(LHSk) A 3AF € Access(LHSY),
—scalarf(XK[x* — fmap(e, M¥)], fold(g1, NF), - -, fold(gm, NX))

We define the k-ranked components via projection with I':

o Xk = Xk+1|31£’

° Uarsk = varsk“ 3rc,

o AK :Ak+1|3rc’

o MK = MK+ )lf’ and

e forall j € {1'--m},}\(}‘ — A{J{c+1|3rc
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Since Ck*! = C* and valid-expr(LHS**!) = valid-expr(LHSF), the precondition remains satis-
fied and the LHS expression remains valid in the k-ranked counterexample (Theorem 7). What
remains is ensuring equivalence of scalarf arguments in both counterexamples and deriving con-
straints on I':

e Conditions: For all [ € {1---m}, we require that fold(g;, le) and fold(gj, le“) must have
the same truth value. Let le“ = [m**1, mk+1 ... ]. Then:

k k+1 k+1 k+1 k Kk
A/l :A/l+|i£:[ml+ |i£’m2+ |i“c""]:[m1:m2,"']
Let C; be the set of constraints we get from this equation. We expand the definition of fold:

k+1
fold(gr, Nf*") = fold(gs, [mf™, m5*, 1) = /\ gi(m¥*" (i), m§* (i), )
i=1
fold(gr, Nf) = fold(gk, [mf, m5, 1) = /\ gi(m§ (). m5()),---)
jer

Let b = fold(g;, le“), which contains k+1 clauses, and ¢ = fold(g;, le), which contains k
clauses. The value of b is known since it depends entirely on the (k+1)-ranked counterex-
ample. Let r be the number of clauses in b which evaluate to true. The remaining (k+1) — r
clauses evaluate to false. We perform a case analysis on r:

— r < k: Then b = false. We require ¢ = false. We can see that for any size-k projection
T, at least one false clause will be included. Hence, ¢ = false always. There are no
constraints on T, i.e., C; = 0.

— r = k: Then b = false. We require ¢ = false. There exists exactly one j € x**1 for which
the corresponding clause is false. To ensure ¢ = false, I must include the named-axis j.
Leaving out this named-axis will lead to c being true. Therefore, C; = {j}. N

— r =k+1: Then b = true. We require ¢ = true. We can see that for any size-k projection
T, ¢ will be true. There are no constraints on T, i.e., C; = 0.

We get at most one constraint for each gy, i.e., |C;| < 1. The set of all constraints from the

conditions is given by:
C= U o)
=1

o Accesses: We require the following,

XK [x* > fmap(e, M¥)] = XK [xF1 i fmap (e, MF*)]

k+1

This can always be satisfied since we can just assign the value of X**! at the access {x
fmap (e, Mk*1)} to X¥[x*  fmap(e, M¥)], irrespective of the projection. Therefore, no

constraints on I' are introduced by this equation.

The final set of constraints is C. To construct a valid projection of size k, we require |C| < k.
We know that |C| < m, as each condition results in at most one constraint. We also require 1 < k
to avoid empty aggregated-axes. Therefore, max(m, 1) < k is a sufficient condition for a valid
counterexample lowering.

Finally, we fully construct the k-ranked counterexample as follows:

e Projection: The named-axes in C must be a part of the projection I', but the other axes
are unspecified. To get the final projection I', extend C by any (k — |C|) named-axes from
{1 k+1}\C.
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o Construct all k-ranked components as described above using I'. Performing a projection
ensures that the tensor shapes, access maps, and attributes are valid and the precondition is
satisfied in the k-ranked counterexample (Theorem 7).

e Tensor values: Let o = X<*1[x**1 5 fmap (e, M¥*1)]. We only require X to have the value
v at the access {x* — fmap(e, MF)}, and the values at other accesses are unspecified.

Thus, k = max(m, 1) is a sufficient rank for verifying the rewrite rule R. O

E.2 Sufficient Rank for Arbitrary Number of Accesses
Lemma 2. Let R = LHS = RHS be a rewrite rule such that:

(1) R contains at most one input tensor, denoted X,

(2) X has exactly one aggregated-axis x : c,

(3) R does not contain any of the following operators: reduce, expand, dot, conv, conv-base,
relabel, and

(4) The scalar function scalarf comprises n accesses to X and m conditions.

Then, the following holds:
max(m + (’2’) 1) < k = valid(R, {c > k}) — valid(R, {c > k+1})

Proor. The scalarf of R has the following canonical form, comprising n accesses and m condi-
tions:

scalarf(X[x — fmap(e;, My)],- -, X[x = fmap(es, My)],
fold(g1, N1), - -+, fold(gms Nom))

where ey, - - - , e, index transformers and gy, - - - , g, are condition predicates.
Our goal is to find a sufficient rank k such that any counterexample at rank k+1 can be lowered
to a counterexample at rank k. Let x**1 = {1, -, k+1} denote a (k+1)-ranked instantiation of x.

Let I’ c x**! be a projection of size k.
Starting from Equation 7, we have:

305 € vars®*t, CF* A valid-expr(LHS®1) A 3AF! € Access(LHSF*),
sscalarf (X [ 1 fmap(e;, MET)], -+ XK 6K 1 fmap (e, ME)],

fold(gy, N¥*1), - - fold (g, NH1))

!

30* € varsk, Ck A vaIid-expr(LHSk) A 3AF € Access(LHSY),
—scalarf(XF[xF — fmap(el,Mf)], s XE xR - fmap(ep, Mﬁ)],
fold(g1, M), -+ -, fold (gims Niy))

We define the k-ranked components via projection with I':
° Xk — Xk+1|x
I"
o varsk = varsk1|x,
o Ak = pAk+1 |I)S’
o forallie {1---n}, MK = MF1X and
e forall je {1---m}, NJZ‘ = N;‘“lf
Since Ck*! = C* and valid-expr(LHS**!) = valid-expr(LHSF), the precondition remains satis-
fied and the LHS expression remains valid in the k-ranked counterexample (Theorem 7). What
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remains is ensuring equivalence of scalarf arguments in both counterexamples and deriving con-
straints on I':

o Conditions: For all / € {1---m}, we require that fold(gj, le) and fold(g, le“) must have
the same truth value. We assume the conditions to be independent of the accesses in the
worst case. Therefore, the constraints as given by C; = J, C; still hold (Lemma 1).

e Accesses: Foralll € {1---n}, we require:

Xk [xK > fmap(e;, Mf)] = XF1 M fmap(ey, Mf“)]

Let v; be the value of the tensor X**! at the access {x**!

— fmap(ej, M;‘“)}. The projection
I should not lead to any inconsistency with respect to the elements of X*.
For example, if v; # v,, then these values correspond to different accesses in the tensor xk+1,
ie., fmap(es, Mf“) # fmap(ey, Mg“). Therefore, there exists some j € {1---(k+1)} such
that el(M’f“(l)) # ez(Mg“(l')), i.e., the access indices are unequal.
We require that fmap (e, Mf) and fmap ey, Mé) are different accesses in X¥, otherwise the
same access in X¥ would be assigned two different values v; and v, in the counterexample
lowering. Selecting j as one of the named-axes in the projection will make sure that elements
of X¥ are consistent.
Consider any arbitrary pair of values v, and v;, where r,s € {1---n} and r # s. These
correspond to two accesses in X**'. There are (5) such access pairs. Let Cy; be the set of
constraints we get from this pair. The following cases arise:

— v, = vs: Then any projection will result in a valid counterexample since the lowering

will not lead to any inconsistency. For this case, C,s = 0
— vy # Us: Then these values correspond to different accesses in Xk e,

fmap(e,, M) # fmap(e;, M51)
We require that they also correspond to different accesses in X, i.e.,
fmap(e,, MX) # fmap(e,, MF) (8)

Let E = {l € x**1 | e,(MF*1(1)) = e,(MX*1(1))} denote the set of named-axes having
the same index value in accesses r and s. The following cases arise:

% |E| < k: Then any size-k projection will ensure that Equation 8 holds, since there
exists at least one named-axis with different index values. Therefore, C, s = 0.

# |E| = k: Then there exists exactly one [ € x**! for which e,(M** (1)) #
es(MK*1(1)). To make sure that Equation 8 holds, [ needs to be in the projec-
tion. If we leave this named-axis, then the accesses r and s will be the same in
the tensor X*, but would be assigned two different values v, and v;. Therefore,
Crs = {1}

% |E| = k+1: This means that the accesses r and s are the same in X**!. This implies
that v, = v, which is a contradiction. Therefore, such a case cannot arise.

The set of all constraints from accesses is given by:

Cy = U Cr,s

(r.s)
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We know that |Cy| < (’21), as each access pair results in at most one constraint. The final set of
constraints is C = C; U C,. The set of constraints C is bounded by:

IC] = |CLU G| < |Ci|+]Co] < m+ (;l)

To construct a valid projection of size k, we require |C| < k. We also require 1 < k to avoid empty
aggregated-axes. Therefore, max(m+ (}), 1) < k is a sufficient condition for a valid counterexample
lowering.

Finally, we fully construct the k-ranked counterexample as follows:

e Projection: The named-axes in C must be a part of the projection I', but the other axes
are unspecified. To get the final projection I', extend C by any (k — |C|) named-axes from
{L-- k+1}\C.

e Construct all k-ranked components as described above using I'. Performing a projection
ensures that the tensor shapes, access maps, and attributes are valid and the precondition is
satisfied in the k-ranked counterexample (Theorem 7).

e Tensor values: Let oy = X**! [x**! i fmap(e;, M§*')] be the value at the I'" access to X**!.
We only require X* to have the value v; at the access {x* > fmap(e;, Mf‘)}, and the values
at other accesses are unspecified. This should hold for all/ € {1---n}.

Thus, k = max(m + (;’), 1) is a sufficient rank for verifying the rewrite rule R. O

E.3 Sufficient Rank for Arbitrary Number of Aggregated-Axes
Lemma 3. Let R = LHS = RHS be a rewrite rule such that:

(1) R contains at most one input tensor, denoted X,

(2) All aggregated-axes appearing in the rule have the same RClass, denoted c,

(3) R does not contain any of the following operators: reduce, dot, conv, conv-base, and
(4) The scalar function scalarf comprises n accesses to X and m conditions.

Then, the following holds:

max(m + ('2’) 1) < k = valid(R, {c = k}) — valid(R, {c > k+1))

Proor. Let x1,-- -, x, denote all the aggregated-axes that appear in the rewrite rule R, each
belonging to the same RClass ¢ by assumption. Among these, let xy, - - - , x5 be the aggregated-axes
that index the input tensor X. The remaining aggregated-axes x441, - - - , X, occur as arguments to

operators such as expand but do not index X directly. Since all aggregated-axes belong to the same
class c, they are instantiated to the same rank in any valid instantiation of the rule.
The scalarf of R has the following canonical form, comprising n accesses and m conditions:

scalarf(X[x; > fmap(*e;, "My), -+, xp, > fmap("er, "M))], -+,
X[x1 = fmap(len, 1Mn), Ly Xp fmap(hem th)],

p p
\ fold(gi No). -+, \ fold(Vgm, I Now)
j=1 j=1

where each Je; is an index transformer and each /g; is a condition predicate.

Our goal is to find a sufficient rank k for the RClass c, such that any counterexample at rank k+1
can be lowered to a counterexample at rank k. Let x!‘“ = {1',--- ,k+1'} denote a (k+1)-ranked
instantiation of each aggregated-axis x;. Since all aggregated-axes belong to the same RClass c, for
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alli, j € {1--p}, there exists a canonical bijection:

#E_’l = MapAxes(c, xlkﬂ,xj-ﬁ-l) : xzk-'-1 « xj'ﬁ-l

To construct a valid counterexample, we project each aggregated-axis x; since they all have the
same RClass and are instantiated to the same rank. Let I} C xﬁ‘“ be a projection of size k for x;.
These projections must be pairwise disjoint and must respect the canonical bijections:

Vije{l--pt, pf (M) =T; )
Starting from Equation 7, we have:

3051 € vars®*!, CK*1 A valid-expr(LHSK1) A 34! € Access(LHS*),

=scalarf(vy, -+ ,0p, by, +, bm)

30* € varsk, CF A Valid-expr(LHSk) A 3AF € Access(LHSY),

=scalarf(wy, -+, wp, ¢, ,Cm)

where,

e Foreach € {1---n}, v denotes the I'M access to X¥*! in the (k+1)-ranked counterexample:
op = XM M s fmap(ley, leﬂ), e ,xﬁﬂ > fmap("e;, th“)]
e Foreachl € {1---n}, w; denotes the I access to X* in the k-ranked counterexample:
wy = Xk [x{C — fmap(le;, 1/\/(;‘), e ,x],f — fmap(hel,th)]
e For eachl € {1---m}, b; denotes the I'" condition in the (k+1)-ranked counterexample:

P
b = /\ fold(Vgr, I NF*1)

Jj=1

lth

e Foreach!l € {1---m}, ¢; denotes the "™ condition in the k-ranked counterexample:

p
e = [\ fold(gi Nf)

Jj=1
We define the k-ranked components via projections with Iy, - - -, T
k — yk+1) X0 Xp
o X=X
X1, X,
o vars® =ovarskH1|"
1o Xp
k — pk+1)%0Xp
e AF=A |I“1,~-~,1“p’

o foralll € {1---n}i€ {1---h}, "My ="ME,
o forallle {1---m},j e {1---p},le’<=f/\/,’<+1|’;]{',and
e foralli,j e {1---p}, the canonical bijection ,uf.fj = MapAxes(c, T}, I}) is simply pf}’llﬁ’ The
resulting canonical bijections must satisfy:
- ,uf.fj Oﬂf,i =id, and
k kK — k
T KOy = g
To ensure that these properties hold, we must ensure that Equation 9 is satisfied.



20 Arora et al.

Since Ck*! = C* and valid-expr(LHS**!) = valid-expr(LHSF), the precondition remains satis-
fied and the LHS expression remains valid in the k-ranked counterexample (Theorem 7). What
remains is ensuring equivalence of scalarf arguments in both counterexamples and deriving con-
straints on Iy, - - -, [

e Conditions: Foralll € {1---m}, ¢; = /\1;.)=1 fold(jgl,lek) and by = /\jj)=1 fold(jgl,lek”)
must have the same truth value. Let !Cy, - - - , PC; be the set of constraints we getonly, -, T,
from this equation, respectively.

The value of b; is known since it depends entirely on the (k+1)-ranked counterexample.
Both b; and ¢; contain p folds. Let r be the number of folds in b; that evaluate to true. The
remaining p — r folds evaluate to false. We perform a case analysis on r:
— r = p: Then b; = true. We require ¢; = true. We can see that for any size-k projections
I4,- .-, Ty, all folds in ¢; will be true. Therefore, I, =...=PC; = 0.
— r < p: Then b; = false. We require ¢; = false. This implies that there exists some
aggregated-axis, say xf“, whose fold evaluates to false in by, i.e., fold(‘g;, i}\/lk“) =
false. We ensure that the fold of xf, ie., fold(igl, i/\/lk) also evaluates to false, resulting
in ¢; = false. This is similar to Lemma 1, and we get at most one constraint on I} in 'C;
and no constraints on other projections. Therefore, |'C;| < 1 and /C; = 0 for all j # i.
Each condition contributes at most one constraint to exactly one projection. The set of all
constraints through the conditions is given by, where ‘C denotes the constraints on I;:

m m
1C:IL:J11CI’ ’pC:lL:leCl

Since we get at most m constraints partitioned into these p sets, we conclude that the total
number of constraints is bounded by:

['Cl+ --- +PCl <m

e Accesses: For all I € {1---n}, w; must be the same as v;. The projections I}, - - - , I, should

not lead to inconsistencies with respect to the elements of X*.
Consider any arbitrary pair of values v, and vs, where r,s € {1---n} and r # s. These corre-
spond to two accesses to X**1 There are (;’) such access pairs. Let ' D, g, - - - , hDr,S be the con-
straints we get on I, - - - , I}, from this equation, respectively. We exclude h”Dr,S, -+ ,PD,
from the analysis because the corresponding aggregated-axes do not index the tensor X,
and hence do not introduce any inconsistencies. Thus, their constraints are equal to (). The
following cases arise:

— v, = vs: Then any projection will result in a valid counterexample since the lowering

will not lead to any inconsistency. For this case, ‘D, s = 0 for all i.
— v, # vs: Then these values correspond to different accesses in Xk e,

{xi > fmap(te,, 'ME?), - 6 fmap("e,, "MK} 2
{for1 > fmap(les, leﬂ), e ,x,’jﬂ — fmap(hes, thﬂ)}
We require that they also correspond to different accesses in X, i.e.,

{x{C — fmap(‘e,, le), e ,xZ — fmap(he,, th)} *

{x{‘ — fmap(les, 1/\/(f), e ,xﬁ — fmap(hes,th)} (10)
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Since the accesses do not match in X¥*1, there exists some aggregated-axis, say x¥*1, for
i € {1---h}, such that its corresponding access maps in the two accesses are unequal:

fmap(le,, M) £ fmap(‘e,, IMF)

We ensure that the access maps of xf are unequal in the two accesses, to ensure that
Equation 10 holds:

fmap(‘e,, iM’f) # fmap(es, iMf)

This is similar to Lemma 2, and we get at most one constraint on I; in iD,,s and no
constraints on other projections. Therefore, |'D, | < 1and /D, = 0 for all j # i.
Each access pair contributes at most one constraint to exactly one projection. The set of all

constraints through the accesses is given by, where !D denotes the constraints on I}:

'D = U 1Dr,s, - ,PD = U pDr,s
(r,s) (r,s)

Since we get at most () constraints partitioned into these p sets, we conclude that the total
number of constraints is bounded by:

'D| + - +|PD|§(;1)

We now define the combined set of constraints (from both conditions and accesses) on each
projection I; as F; = !C U 'D. The total number of constraints across all projections is bounded by:
|Fil+ «-+ +|Fp| =|'CU'D|+ --+ +|PCUPD|
< |'C|+|'D|+ --- +|PC| +|PD|
'Cl+ --- +|PC|+|'D| + --- +|PD|

ol

Thus, the total number of constraints is at most m + (’21) partitioned across the p constraint sets.
This implies that max;|F;| < m + (3) (the maximum possible constraints on any projection). For
all the projections to be valid, we require |F;| < k, - -+, |F,| < k, or equivalently, max;|F;| < k. We
also need 1 < k to avoid empty aggregated-axes. Therefore, max(m + (3),1) < k is a sufficient
condition for a valid counterexample lowering.

IA

Finally, we fully construct the k-ranked counterexample as follows:

e Projection: For all j € {1---p}, the named-axes in F; must be a part of the projection I';.
Additionally, the projections should respect the canonical bijections of the (k+1)-ranked
counterexample. We compute the final projections using the CoMPUTEPROJECTIONS routine
described in Algorithm 1. It takes the final constraints Fy, - - - , F, as input and returns the
projections Iy, - - -, I},. In lines 4-9, we expand each F; using the canonical bijection images
of other constraint sets.

After line 9, the sets FJ, - - - ’F;? are of the same size. In fact, there exists a bijection between
k+1%i
ij
the exact same number of elements, since their elements are simply relabelings of each
other via the bijections.

all the sets: the bijection between F; and F; is simply y This ensures that all F] contain
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Algorithm 1: COMPUTEPROJECTIONS

Input: Constraint sets Fi, -+, Fp
Output: Final projections Iy, - -+, T,
1 forie{l---p}do
2 ‘ Fl’ «— Fi;
3 end
4 forje{1---p}do
5 forie{1---p},i# jdo

6 Aij = i (F) s
7 F]’ — F; U Ai,j 5
8 end

9 end

10 R «— CHOICE(X{CH \F|, k- |F{]);
11 forie {1---p}do

12 ‘ [ « F U,Uﬁrl(R);

13 end

14 return Iy, -, T}

We also prove that the size of the sets F,, - - - ,Ff’, is bounded by k, the projection size. For

p
all i, j, |A j| = |Fi| since ,ufltl is a bijection. For all j € {1--- p}, the set F]’ is F; U U Aij,
i=1i#j

whose size is bounded by:

P
|FJ,|= FjU U Ai,j
i=1,i#j
p
<IFl+ ) 1Ayl
i=1,i#]
p P n
=|Fjl+ > IFl=) IR Sm+(2) <k
i=1,i#j i=1

Therefore, the number of constraints in each set does not exceed the projection size k. On
line 10, we add any (k — |Fj|) named-axes from xf“ \ F| to complete the projection I;. In
lines 11-13, we add their bijection images to complete the other projections.

e Construct all k-ranked components as described above using I'. Performing a projection
ensures that the tensor shapes, access maps, and attributes are valid and the precondition is
satisfied in the k-ranked counterexample (Theorem 7).

e Tensor values: Foralli € {1---n}, we require w;, the value of Xk at the i™ access, to be same

as v;, the value of X¥*1 at the i!" access. The values at other accesses in X¥ are unspecified.

Thus, k = max(m + (;), 1) is a sufficient rank for verifying the rewrite rule R.
m]

E.4 Arbitrary Number of RClasses
Lemma 4. Let R = LHS = RHS be a rewrite rule such that
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(1) R contains at most one input tensor, denoted X,

(2) R does not contain any of the following operators: reduce, dot, conv, and conv-base,
(3) M is an RClass-rank map for R and c is an RClass appearing in the rule,

(4) The scalar function scalarf comprises: (1) n accesses to X and (2) m conditions.

Let nx = n if an aggregated-axis of X has RClass ¢, and nx = 0 otherwise. Then the following holds:

max(m + (”ZX), 1) < k = valid(R, M[c — k]) — valid(R, M[c — k+1])

Proor. Let x1, -+, x, denote all the aggregated-axes of RClass c¢ that appear in the rewrite
rule R . Among these, let xy, - - - , x5, be the aggregated-axes that index the input tensor X. The
aggregated-axes xp41, -+, X, Occur as arguments to operators such as expand but do not index X

directly. All other aggregated-axes in R belong to RClasses other than c. The scalarf of R has the
following canonical form, comprising nx relevant accesses to X and m conditions:

scalarf(X[x; — fmap(tey, 'My), -+, xp fmap(hel,hMl) uvl,---,
X[x; fmap(lenx, 1/\/(,,X), cee Xy B fmap(he,,x,thX) U Y],

p P
g1 A\ fold(Ugr, M), -+ b A [\ Fold (g, Nim))
Jj=1 Jj=1
where each /e; is an index transformer and each /g; is a condition predicate. The maps Y; denote
the access maps for the remaining aggregated-axes (those whose RClass is not c), while formulas
¢; collect the fold-conditions for these remaining aggregated-axes.

Our goal is to find a sufficient rank k for the RClass ¢, such that any counterexample at rank k+1
can be lowered to a counterexample at rank k. Let x!‘“ ={1},---,k+1'} denote a (k+1)-ranked
instantiation of each aggregated-axis x;. Since all aggregated-axes x1, - - , X, belong to the same
RClass c, there exists a canonical bijection between any pair:

k+1 _ k1 k+1y | k41 k+1
Hij = MapAxes(c,x; ", x;7) 1x; T © X]

To construct a valid counterexample, we project each aggregated-axis x; since they all have the
same RClass and are instantiated to the same rank. Let I; C xlk“ be a projection of size k for x;.
These projections must be pairwise disjoint and must respect the canonical bijections:

Vijje{1---pt, piy' (M) =T; (11)
Starting from Equation 7, we have:

30" € varsk*t, A vaIid-expr(LHSk+1) A AR € Access(LHSF),
—scalarf(vy, -+, Opy, b1, oo, bm)
30 € varsk, Ck A Valid-expr(LHSk) A JA* € Access(LHSF),
=scalarf(wy, -+, Wny, €1,0 -, Cm)
where,

e Foreach!l € {1---nx},v; denotes the I access to X**! in the (k+1)-ranked counterexample:
o = Xk+1 [x{c+1 — fmap(lel, IM;C-H), L. :x}If-H N fmap(hel,th”) U Ylk+1]
e Foralll € {1---ny}, w; denotes the I'" access to X¥ in the k-ranked counterexample:

wy = Xk [xf — fmap(le;, le), e ,xﬁ > fmap("e;, th) U Ylk]
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For each | € {1---m}, b; denotes the I condition in the (k+1)-ranked counterexample:

by = ¢ A /\fold(Jg,, N
Jj=1

Foralll € {1---m}, ¢; denotes the I condition in the k-ranked counterexample:

p
e = ¢f A\ fold(Vgi, ' Nf)

j=1
We define the k-ranked components via projections with Iy, - - -, T
° Xk — Xk+1|)lf11:
o varsk = varsk”I;?’::: ’;C;’,
° A Ak+l|x1:.'.'.':€;p’
o foralll € {1---nx},ie€ {1---h}, ’Mk le“ o
o forallle {1---nx}, Yf = Yk“I b Yk’rl since Y; is independent of the RClass c,
e forallle {1---m},je{1--p}, JNk_J/\/,k+1|’;jf_‘,
e foralll € {1---m}, gbl ¢;‘+1| F,, = lk” since ¢; is independent of the RClass ¢, and
o foralli,j € {1---p}, the canonical bijection /11 = MapAxes(c, I}, T}) is simply ,ukJr1 1. The

resulting canonical bijections must satisfy:
- ,ufj oyﬁ?i =id, and
k k — .k
G0 O i =
To ensure that these properties hold, we must ensure that Equation 11 is satisfied.

To obtain the k-ranked counterexample, we project each component of the (k+1)-ranked coun-
terexample along the projections I;. Components not involving the RClass ¢ are unchanged.

Since Ck*! = C* and valid-expr(LHS**!) = valid-expr(LHSF), the precondition remains satis-
fied and the LHS expression remains valid in the k-ranked counterexample (Theorem 7). What
remains is ensuring equivalence of scalarf arguments in both counterexamples and deriving con-
straints on I, - - -, [y

Conditions: For all [ € {1---m}, we require ¢; = ¢~ A /\?=1 fold(/g;, 7 NF) and by = ¢+ A
/\‘f=1 fold(“g;,7 le“) must have the same truth value.

The value of b; is known since it depends entirely on the (k+1)-ranked counterexample. To
make sure that ¢; and b; have the same truth value, it is sufficient to make the truth values
of ¢ = /\‘;.’=1 fold(/g;, /) and b) = /\‘;.’=1 fold(“g;,” Nf*!) the same since ¢F = ¢f*'. This
is similar to Lemma 3, and we get at most one constraint on exactly one projection.

The set of all constraints through the conditions is given by, where :C denotes the constraints
on I;. Since we get at most m constraints partitioned into these p sets, we conclude that the
total number of constraints is bounded by:

['Cl+ --- +PCl <m

Accesses: For all [ € {1---nx}, w; must be the same as v;. The projections Iy, - - - , I, should
not lead to inconsistencies with respect to the elements of X¥.

Consider any arbitrary pair of values v, and v5, where r,s € {1---nx} and r # s. These corre-
spond to two accesses to X¥*1. There are (") such access pairs. Let 'D,., - - - , "D, ; be the con-
straints we get on I, - - - , I, from this equation, respectively. We exclude h“Dr,s, <+, PDy g
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from the analysis because the corresponding aggregated-axes do not index the tensor X,
and hence do not introduce any inconsistencies. Thus, their constraints are equal to (). The
following cases arise:
- v, = vs: Then any projection will result in a valid counterexample since the lowering
will not lead to any inconsistency. For this case, ‘D, s = 0 for all i.
— v, # vs: Then these values correspond to different accesses in Xk e

{xF > fmap (e, 'ME), - xf T s fmap(fe,, PMET)} U YR £
{X{C+1 N fmap(les, 1M§+1), . ’xl}i+1 — fmap(hes, hM§+l)} U Ysk+1
We require that they also correspond to different accesses in X, i.e.,
{x{C — fmap(le,, 1/\/(f), “e ,x,]f — fmap("e,, th)} U Yrk #
{xf > fmap (e, M), -+ x> fmap("es, "M} U YE (12)
Since the accesses do not match in X¥*!, two cases arise: (1) Y<*! # Y**!, This implies
Y* # Y, ensuring that Equation 12 holds. This case results in no constraints on any

projection, (2) there exists some aggregated-axis, say xf“, fori e {1---h}, such that
its corresponding access maps in the two accesses are unequal:

fmap(‘e,, M) £ fmap(‘e, IME)

We ensure that the access maps of xf are unequal in the two accesses, to ensure that
Equation 12 holds:

fmap(‘e,, iM’f) # fmap(‘es, iMf)

This is similar to Lemma 2, and we get at most one constraint on I in iDr,s and no
constraints on other projections. Therefore, |'D, | < 1and /D, = 0 for all j # i.
Each access pair contributes at most one constraint to exactly one projection. The set of all

constraints through the accesses is given by, where 'D denotes the constraints on I}:

1p = U Dys, -+ ,PD = UpDr,s

(r,s) (r,s)

Since we get at most (")) constraints partitioned into these p sets, we conclude that the

total number of constraints is bounded by:
'D|+ - +|PD]| < (”ZX)

We now define the combined set of constraints (from both conditions and accesses) on each
projection I as F; = *C U 'D. The total number of constraints across all projections is bounded by:

|Fil+ -+ +|Fp| =|'"CU'D|+ --- +[PCUPD|
< |'Cl+|'D|+ --- +|PC|+|PD]
I'Cl+ --- +|PC|+|'D| + --- +|PD|
2]
m+
2
nx

Similar to Lemma 3, we get max(m + ( 5 ), 1) < k as a sufficient condition for a valid counterex-
ample lowering. Finally, we fully construct the k-ranked counterexample as follows:

IA
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e Projection: For all j € {1---p}, the named-axes in F; must be a part of the projection I';.
Additionally, the projections should respect the canonical bijections of the (k+1)-ranked
counterexample. We compute the final projections using the COMPUTEPROJECTIONS routine
described in Algorithm 1.

e Construct all k-ranked components as described above using I'. Performing a projection
ensures that the tensor shapes, access maps, and attributes are valid and the precondition is
satisfied in the k-ranked counterexample (Theorem 7).

e Tensor values: For all i € {1---nx}, we require w;, the value of X¥ at the ith access, to
be same as v;, the value of X*+1 at the it access. The values at other accesses in X¥ are
unspecified.

Thus, k = max(m + (%), 1) is a sufficient rank for the RClass c.

E.5 Arbitrary Number of Tensors
Lemma 5. Let R = LHS = RHS be a rewrite rule such that

(1) R does not contain any of the following operators: reduce, dot, conv, and conv-base,

(2) M is an RClass-rank map for R and ¢ is an RClass appearing in the rule,

(3) R contains q tensors Xy, - - - , X4 that have an aggregated-axis belonging to the RClass c,
(3) The scalar function scalarf comprises: (1) nx, accesses to X; and (2) m conditions.

Then the following holds:
d n
max(m + Z ( ;) 1) < k = valid(R, M[c — k]) — valid(R, M[c — k+1])
i=1

Proor. Only tensors that contain an aggregated-axis belonging to the RClass ¢ can introduce
constraints that on the sufficient rank for c. Accesses to any other tensors retain their values during
the counterexample lowering, and hence do not contribute to the bound. For each tensor X; that
contains an aggregated-axis with the RClass c, every pair of its accesses can introduce at most one
constraint to exactly one projection. Therefore, the total number of constraints through accesses of
X; is bounded by ("}).

The contributions from different tensors are summed independently because accesses across
tensors do not lead to any constraints (we assume that distinct tensors do not alias; more §G).
Consequently, the total number of constraints is simply bounded by sum of per-tensor contribu-
tions, together with the m constraints from the conditions in the worst case. The counterexample
construction is similar to Lemma 4. We introduce a routine TENSORSWITHRCLAss which takes an
RClass ¢ and returns all the input tensors which have an aggregated-axis belonging to c. For each
tensor, we use the NUMTENSORACCESS routine to get the number of distinct accesses to that tensor.

Thus, kK = max(m + 2?21 (";"), 1) is a sufficient rank for the RClass ¢ to verify the rewrite rule R,
where {Xi,---,Xg} = TENSORSWITHRCLASS(c) and ny, = NUMTENSORACCESS(X;). O

F Preconditions

In this section, we prove that if the precondition holds in the (k+1)-ranked counterexample, then
the precondition holds in the k-ranked counterexample, i.e., Ck+1 = Ck,

F.1 A Language for Preconditions

We first define a simple language for preconditions and a useful substitution lemma.
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Definition 5 (Precondition language). Let A be a set of atomic propositions (atoms). We define a
language @, v by the grammar:

p=acA|pNP[$V ¢
Similarly, the language @, is defined by the grammar:

p=acA|PpNP

Note that &, C D, .
We write ¢{b/a} for the formula obtained from ¢ by simultaneously replacing every occurrence
of atom a by atom b (also called a substitution).

Lemma 6 (Substitution Monotonicity). Let ¢ € @,y and let a,b € A be atoms. If the implication
a = b holds, then

¢ = ¢{b/a}
The same holds for ®,.

Proor. By structural induction on ¢.
Basis. If ¢ = g, then ¢{b/a} = b, and the claim follows from the hypothesis a = b. If ¢ = ¢ for
¢ # a, then ¢{b/a} = c and ¢ = ¢ holds trivially.
Inductive step.
o If ¢ = #; A ¢,, then by the induction hypothesis, ¢; = ¢;{b/a} for i = 1, 2. Since ¢p{b/a} =
d1{b/a} A $2{b/a} and $1 A 2 = ¢p1{b/a} A $2{b/a}, we obtain the desired implication.
o If ¢ = ¢ V ¢y, similarly the induction hypothesis yields ¢1 V ¢ = ¢1{b/a} V $.{b/a}.

This completes the induction proof. O

F.2 Conditions in TENSORRIGHT

The preconditions in TENSORRIGHT are drawn from the language @, v (Definition 5), whose atoms
A consist precisely of all fold-conditions. The expression validity conditions (such as those returned
by valid-expr) are drawn from ®,.

The fold construct takes a predicate and applies it pointwise to a list of maps with the same
domains. It returns true if all predicate values are true, and false otherwise. It is defined as:

fold(g, [mi,ma,---1) = N\ g(mi (i), ma(i), )

iedom(m;)

Theorem 7. Let C<*1,C € @, , be the preconditions obtained from the same symbolic precondi-
tion C by instantiating every fold over a RClass ¢ at rank k+1 and at rank k, respectively. During
the counterexample construction, each (k+1)-fold is projected to the corresponding k-fold. Then,

Ck+1 N Ck
Similarly, for any tensor expression e, valid-expr(e*') = valid-expr(e¥).
Proor. It suffices to show the implication for each atomic fold and then lift it to the whole
precondition using Lemma 6.

Let ¥+ = fold(g, N**1) be one of the atomic folds in C**!, defined over an aggregated-axis in
RClass c. Let le” = [m’f“, m’2‘+1, --+]. It has the form:

k+1

fold(g, N**1) = A\ g(mf™ (i), mE™ (3), -+

iedom(m;)
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Let T be the chosen projection of size k and let A% = Ak+1 |7 denote the projected maps. Then:
NE = NI = P b o] = D)
The corresponding fold f* = fold(g, N¥) in C* has the form:
fold(g, N*) = /\ g(mf (j), m§(j), )

jer

Since f**! is a conjunction over a superset of indices, if the larger conjunction if true, then
sub-conjunction is true, i.e.:

fk+1 N fk
Thus every (k+1)-fold atom implies its projected k-fold atom. Applying Lemma 6 repeatedly to

substitute each (k+1)-fold atom by its projected counterpart in the whole precondition implies
C*1 = (K, as required. The same holds for validity conditions returned by valid-expr. O

G Discussion

Rewrite Rules with Reductions. So far, we have assumed that rewrite rules do not contain any
of the following operators: reduce, dot, conv, and conv-base. These operators share a common
characteristic: they perform reductions or accumulations over one or more axes. Because the axes
being reduced may have unbounded sizes, we cannot simply expand the reduction and operate
over all elements explicitly. Instead, we treat the reduction sum symbolically and provide special
handling for such elements during verification. Moreover, the user supplies a bijection between
the LHS and RHS reduction elements, which allows us to reason about them abstractly. Once this
is done, the rule can be symbolically evaluated as usual, and all of our previous results regarding
sufficient rank and counterexample lowering continue to hold.

Counting Non-Trivial Conditions. We introduced a simplifying assumption (for notational ease)
in §D that every condition in a rule is uniformly represented as a conjunction of one fold per
aggregated-axis, regardless of whether that aggregated-axis contributes meaningful conditions. In
practice, some conditions may be trivial: their associated fold is degenerate and therefore impose
no constraints. Such conditions should not contribute to the sufficient rank computation.

To account for this, we introduce a routine NumConNDs which takes an RClass ¢ and returns
the number of conditions having an aggregated-axis belonging to the RClass ¢ and whose fold is
non-trivial. Only these conditions are relevant and contribute to the sufficient rank of c.

Putting it all Together. After relaxing all the assumptions from §C.1, we come up with the
following lemma:

Lemma 8. Let R be any rewrite rule written in TENSORRIGHT DSL. Let m be an RClass-rank map
for R and ¢ be an RClass appearing in R. If k = INFERBOUND(R, ¢), then

Vi > k, valid(m[c — i]) — valid(m[c — i+1])

In other words, for all i > k and for any ranks of the other RClasses, if the rule is valid when ¢
has rank i, then it implies that the rule is valid when ¢ has rank i+1. The INFERBOUND routine is
described in Algorithm 2.

RHS Expression Validity. Our definition of rewrite rule validity (Definition 1) states that the
LHS and RHS expressions should be equal for all variable valuations, given the precondition C
holds and the LHS expression is valid, i.e., valid-expr(LHS) holds. In reality, we require a stronger
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Algorithm 2: Sufficient Rank for an RClass
Inputs : Rewrite rule R & RClass ¢
Output: bound, i.e., a sufficient rank for ¢

1 Function INFERBOUND (R, ¢) :

2 bound < 0;

3 tensors «— TENSORSWITHRCLASS(R, ¢);
4 for t € tensors do

5 n < NUMTENSORACCESS(R, t);

6 if n > 1 then

7 ‘ bound «— bound + ('2’),

8 end

9 end
10 bound « bound + NumCoNDs(R, ¢);
11 return Max(bound, 1)

12 End Function

postcondition that the RHS expression should be valid, i.e., valid-expr(RHS) holds. On taking
contrapositives and considering (k+1)- and k-ranked instantiations, we get:

30" € varst, CFH A vaIid-expr(LHSkH)
A (IILHSkHﬂ + [[RHSkHll \Y —-vaIid-expr(RHSk+1))

l

3ok e vars®, cka valid-expr(LHSk)

A (I[LHsk]l + [[RHsk]l v ﬁvalid-expr(RHSk))

Thus there are two distinct kinds of counterexamples to lower from rank k+1 to k:

e Mismatch counterexamples: If [LHS] # [RHS] in rank k+1, then we lower to a witness of
[LHS] # [RHS] in rank k. This is handled in §E: the sufficient rank given by Algorithm 2
guarantees a counterexample lowering for this case.

o RHS invalidity counterexamples: If —=valid-expr(RHS) holds in rank k+1, then we lower to a
witness of —wvalid-expr(RHS) in rank k. The condition valid-expr(RHS) lies in the fragment
®,, ie, it is a conjunction of fold-atoms. As in the condition-analysis (Lemma 1), any
(k+1)-ranked falsifying fold-conjunction contains at least one fold, say f**!, whose truth
value if false. To ensure that valid-expr(RHS¥) is false, we ensure that f* is false. This can
be done by choosing an appropriate named-axis, giving a sufficient rank of 1.

For worst-case bounds we take the maximum of the two cases. Since each branch is already at
least 1, the sufficient rank given by Algorithm 2 remains unchanged.

Input Tensor Aliasing in Tensor Graph Rewrites. Our analysis in Lemma 5 assumes that distinct
input tensors do not alias. For example, in the tensor expression e = binary(+, X, Y), we assume
that X and Y are different tensors. In such a case, during counterexample construction, accesses to
different tensors are treated as independent, and no cross-tensor constraints arise. Therefore, the
sufficient rank decomposes cleanly into the sum of per-tensor contributions.



30 Arora et al.

However, a compiler matching a symbolic expression e inside a tensor computation graph, may
encounter a match such as binary(+,t, t), where both operands refer to the same concrete tensor.
This breaks the independence assumption: accesses that originate syntactically from different
tensors may in fact refer to the same underlying source, thereby introducing additional cross-
tensor interactions. To account for such cases, (1) one can verify a different rewrite capturing the
aliasing relation, or (2) adjust the sufficient rank to account for additional cross-tensor interactions
and constraints introduced from them. More specifically, for tensors X;, - - -, Xg with nx,, -+, nx,

number of accesses, respectively, the new constraints are bounded by (Ziznxi), instead of }; (";i).
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